We study the Bose-Einstein condensate (BEC) with a fixed number of particles. On the basis of conventional statistical mechanics we introduce the, so called, Maxwell's demon ensemble, where only particle transfer (without energy exchange) is allowed. We show that this new ensemble can be used for the microcanonical description of the system. We apply our formalism to the case of BEC in a harmonic trap and give the analytic expressions for the ground state fluctuations. We compare these expressions with the exact numerical results obtained for relatively small condensates. [S0031-9007(97) The statistical description of a many body system is based on the concepts of statistical ensembles. According to the external conditions we can distinguish three fundamental ensembles: (i) the microcanonical (MC) ensemble describing a perfectly isolated system, (ii) the canonical (CN) ensemble describing a system exchanging energy with a heat bath of a given temperature, and (iii) the grand canonical (GC) ensemble describing a system which can exchange both energy and particles with a reservoir at a given temperature and chemical potential.
The statistical description of a many body system is based on the concepts of statistical ensembles. According to the external conditions we can distinguish three fundamental ensembles: (i) the microcanonical (MC) ensemble describing a perfectly isolated system, (ii) the canonical (CN) ensemble describing a system exchanging energy with a heat bath of a given temperature, and (iii) the grand canonical (GC) ensemble describing a system which can exchange both energy and particles with a reservoir at a given temperature and chemical potential.
In the well established statistical theory of the BoseEinstein condensation, the standard textbook approach is based on the grand canonical description of the uniform, noninteracting gas [1] . But the recent achievements of the Bose-Einstein condensate (BEC) in trapped atoms of dilute gases are related to systems with a well defined number of particles [2] [3] [4] . This number, even if it is not known exactly, certainly does not fluctuate if the cooling process is over. This fact raises new challenging questions concerning the statistical description of the BEC with a fixed number of particles.
The fraction of the ground state atoms measured in experiments [5] has been found to be in agreement with the theory based on the GC description [6] . However the ground state fluctuations are different from the GC ones if the total number of atoms is fixed. Below critical temperature the grand canonical ensemble is not fully equivalent to the microcanonical or canonical description. This observation was reported long before the present experiments [7] . According to the actual experimental status the microcanonical and canonical descriptions of the BEC are of great importance. There have been several theoretical attempts to solve this problem: exact analytic studies of 1D models, where there is no phase transition, are presented in [8] [9] [10] ; speculative discussion of 3D canonical ensemble can be found in [11] ; and finally, the 3D MC results of [12] are valid only in the limited region of temperatures just below the critical one. Even when mutual interactions between atoms are neglected, the MC or CN description of the condensate is very difficult. The reason is that partition functions, which grow exponentially with energy, have to be known to a very high accuracy.
In this Letter we show the method of overcoming most of the difficulties related to the statistical description of the BEC with a fixed number of particles. For a perfectly isolated BEC we introduce a new statistical ensemble describing the excited states subsystem which, to the best of our knowledge, has never been used before. In contrast to the conventional MC, CN, and GC ensembles, in this fourth ensemble, only particles are exchanged with the ground state assumed to be a reservoir. For comparison, in a thermalized BEC, the GC ensemble is used to describe the excited states subsystem since both exchanges of particles and energy are allowed. Our method is general and does not make any particular assumption on the form of the single particle Hamiltonian. Finally, we illustrate our approach presenting results for the BEC in trapped atoms. Each statistical ensemble is described by a different partition function. The microcanonical partition function G͑N, E͒ is equal to the number of N-particle microstates corresponding to the same total energy E. The canonical partition function Z͑N, b͒ is defined as
where the sum runs over all allowed energies. The mean energy ͗E͘ CN 2͑≠͞≠b͒ ln Z͑N, b͒ is determined by the reservoir temperature k B T 1͞b. The grand canonical partition function J͑m, b͒ is the following:
where m͞b is a chemical potential. The reservoir temperature 1͞b and chemical potential m control the mean 0031-9007͞97͞79(10)͞1789(4)$10.00
energy ͗E͘ GC 2͑≠͞≠b͒ ln J͑m, b͒ and the particle number ͗N͘ GC ͑≠͞≠m͒ ln J͑m, b͒. We divide the system into two parts: the system of N e particles occupying excited levels (E . 0), and N 0 N 2 N e particles in the ground state (E 0) (similar concepts can be found in [1] ). According to this division we use the subscripts "e" and "g" for all partition functions corresponding to the excited and ground states subsystems, respectively. In the MC description, we have
Since G g ͑N 2 N e , 0͒ 1, Eq. (3) becomes
G e ͑N e , E͒ is the MC partition function for the excited subsystem. Therefore, the probability of finding exactly N e excited particles is
This probability distribution function allows one to find the mean number of excited particles ͗N e ͘ MC and its mean square fluctuations ͗d 2 N e ͘ MC . If the system is in contact with an external heat bath then, according to Eqs. (1) and (4), the canonical partition function can be written in the following form:
where Z e ͑N e , b͒ P E e 2bE G e ͑N e , E͒ is the CN partition function of the excited subsystem. The probability of finding exactly N e excited particles is given by P CN ͑N e j N͒ Z e ͑N e , b͒͞Z͑N, b͒ .
It is very difficult [8, 9, 12 ] to evaluate the MC or CN probability function, Eqs. (5) and (7). However, if the ground state population becomes infinite, the following generating function Y e ͑m, E͒ becomes very useful in the MC description:
Y e ͑m, E͒ is not only a convenient mathematical concept. Below critical temperature for the Bose-Einstein condensation, this function has a clear physical interpretation: it can be viewed as the partition function for the system which can exchange particles only with the ground state reservoir. Since this reservoir cannot be considered as a heat bath, no temperature can be associated with it. To the best of our knowledge, such an ensemble has never been used in statistical physics. As the exchange of energy without exchange of particles is quite common, it is rather impossible to imagine the exchange of particles without any exchange of energy. But the experimental realization of the perfectly isolated Bose-Einstein condensate can make possible this "unrealistic" process.
The 
where the symbol "`" reminds us of the limit of N !`.
In the ground state reservoir regime, i.e., for temperature not too close to the critical one, the MC description can be obtained from the MD partition function. It can be easily checked that the generating function of the MD ensemble, defined as
is the GC partition function of the excited subsystem. This function can be obtained from the GC partition function of the whole system by removing the singular ground state contribution:
In the CN description, in comparison to Eq. (8), one can also find the relation J e ͑m, b͒ X N e 0 e mN e Z e ͑N e , b͒ .
It is clear that the CN mean number of excited particles and the mean square fluctuations are simply
In this way we have justified heuristic arguments presented recently [11] . Below critical temperature of the Bose-Einstein condensate, the GC partition function of the whole system is dominated by the ground state term, ln J͑m, b͒ ഠ 2 ln͑1 2 e m ͒ and, as a consequence, the fluctuations ͗d 2 N͘ GC ͑≠ 2 ͞≠m 2 ͒ ln J͑m, b͒ ഠ N 2 are enormous. Because there is no singular ground state contribution to the GC partition function of the excited subsystem, standard arguments can be safely used in order to show (using the saddle point method) that all ensembles of the excited states subsystem are equivalent [1] . In particular the relative fluctuations p ͗d 2 N e ͘M C ͗͞N e ͘M C ഠ p ͗d 2 N e ͘C N ͗͞N e ͘C N vanish when N !`. Consequently, at a given temperature, the mean number of excited particles is the same in all statistical ensembles: ͗N e ͘M C ͗N e ͘C N . Only a few terms contribute effectively to the sum of Eqs. (8) or (13); the functions under the summation sign are sharply peaked, and therefore excited particle distribution functions can be approximated by the normal distributions
where the subscript "S" stands for the MC or CN ensemble and N S is the normalization factor depending on N. If N , ͗N e ͘S the probability distribution P S ͑N e j N͒ is not the Gaussian one. Corrections due to the finite size of the system can be obtained with the help of Eq. (16) and are important when the ground state cannot be considered as a reservoir. Defining thermodynamic potentials related to partition functions of the excited subsystem, thermodynamics of the normal phase can be easily derived. It is widely known that, in a case of a homogeneous gas of particles, the specific heat at constant pressure is smaller than that at constant volume by a well defined amount [1] . In a similar fashion, one shows an analogous relation between the MC and CN mean square fluctuations of particle number:
where
This general result allows one to express the MC fluctuations of particle number in terms of quantities calculated directly from the GC partition function of the excited subsystem, J e ͑m, b͒. Moreover, MC fluctuations are always smaller than the CN ones because of the energy constraint.
So far we have never used any particular form of the single particle Hamiltonian. Now, we demonstrate how our theory works for the very interesting case of the BEC of trapped atoms confined by the spherically symmetric oscillatory trap of frequency v. In this case the critical temperature T c is known [6] to be k B T c hv͓N͞z ͑3͔͒
1͞3 , where z ͑n͒ are Riemann zeta functions. The asymptotic expression for the GC partition function can be obtained to a high accuracy [12] , but in the thermodynamic limit N !`, v ! 0, and Nv 3 const, we keep only the leading term ln J e ͑m, b͒ ഠ g 4 ͑e m ͒͑͞hvb͒ 3 , where g k ͑x͒ Pl 1 x l ͞l k are the BoseEinstein functions. By differentiating Eqs. (14) and (15), we get the asymptotic expressions for the mean value and fluctuations of the ground state population:
where N 0 N 2 N e is the population of the ground state and obviously ͗d 2 N 0 ͘C N ͗d 2 N e ͘C N . In the case of a microcanonical description the approximate expression for Y e ͑m, E͒ can be found by the saddle point method: ln Y e ͑m, E͒ ഠ ͑4͞3͒Eb͑m, E͒, where b͑m, E͒ ͓3g 4 ͑e m ͒hv͞E͔ 1͞4 ͞hv is the MD temperature (equal to the MC one if m 0). The MC mean ground state population and fluctuations are
It can be easily checked that MC and CN fluctuations are related according to Eq. (17). Because our approach is valid for large particle numbers it is of great importance to check to what extent this formalism can be applied to the description of the finite systems.
The direct numerical calculation of MC partition function is possible only for up to several hundred particles. These direct combinatorial methods were used to obtain the MC and CN fluctuations for N 100 atoms. For 1000 atoms CN results we used the contour representation of the CN partition function
Moments of the number of atoms in the ground state are easily represented by analogous integrals where z exp͑m͒ is the fugacity. The contour integrals were evaluated using the stationary phase path to avoid the oscillations of the integrands. In Fig. 1 we have compared the exact results of MC and CN with the analytic ones obtained in this paper for 100 atoms. Analytic results were calculated from Eq. (16) where we took into account also the higher order terms, O ͑b 22 ͒ and O ͑b 22 ln b͒, in the expansion of ln J e ͑m, b͒; see [12] . Similar comparison for 1000 atoms is presented in Fig. 2 . Note missing an exact result for the MC ensemble in this case. All results show very good agreement between the analytic approximation and the exact numerical data.
In conclusion, in addition to three conventional statistical ensembles we have defined the new one where only particle transfer between the system and reservoir is allowed. We have shown that the MC description of the BEC can be obtained from the partition function of the Maxwell's demon ensemble and, similarly, the CN description from the GC ensemble of excited subsystem. We have demonstrated that the MC fluctuations of the ground state population cannot be larger than the corresponding CN ones and, in fact, they can be obtained from the GC description. Finally, we have applied our method to the case of the BEC in trapped atoms and presented analytic formulas for the fluctuations in both MC and CN ensembles. The results deduced from this formalism, valid in principle for large N, are in a very good agreement with the exact numerical ones for the cases of relatively small systems.
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